Introduction. The adaptive stabilization of some classes of uncertain multivariable static plants with arbitrary unmeasurable bounded disturbances is addressed in this article. The cases where the number of the control inputs does not exceed the number of the outputs are studied. It is assumed that the plant parameters defining the elements of its gain matrix are unknown. Again, the rank of this matrix may be arbitrary. Meanwhile, bounds on external disturbances are supposed to be known. The problem stated and solved in this work is to design adaptive controllers to be able to ensure the boundedness of the all input and output system's signals in the presence of parameter uncertainties.
INTRODUCTION
The problem of efficient control of multivariable systems with arbitrary unmeasurable external disturbances stated several decades ago remains important both from theoretical and practical points of view until recently. Novel results in this scientific area have been reported in numerous papers and generalized in several books including [1] [2] [3] . This problem attracts an attention of many researchers dealing with the design of optimal controllers for controlling the so-called multi-inputs multi-outputs (MIMO) system by using different approaches.
Among other methods advanced in the modern control theory, the inverse model-based method that is an extension of the well-known internal model principle seems to be perspective in order to cope with arbitrary unmeasurable disturbances and to optimize some classes of multivariable control systems. It turned out that this method first intuitively advanced in [4] makes it possible to optimize the closed-loop control system containing the MIMO static (memoryless) plants whose gain matrices are square and nonsingular. Since the beginning of the 21 st century, a significant progress has been achieved utilizing the inverse model-based approach, e.g., [5] and other works. Nevertheless, it is quite unacceptable if the MIMO plants to be controlled have singular square or else any nonsquare gain matrices because they are noninvertible.
To optimize the closed-loop control system containing an arbitrary MIMO static plant, the pseudoinverse model-based approach has been proposed and substantiated in [6] . Naturally enough that its gain matrix must be known to implement this approach. In practice, however, the plant parameters defining the elements of gain matrices may not be known a priori. In this case, the problem of designing the so-called robust multivariable control system may be stated.
The monographs [7] [8] [9] give a fairly full picture concerning the results achieved in the robust control theory to the beginning of the 2000s. Within the framework of this theory, the pseudoinverse model-based method has been modified in [10] [11] [12] to stabilize some classes of uncertain interconnected linear and nonlinear systems whose gain matrices are arbitrary. (Note that the problem of robust control of some nonlinear one-dimensional static plant has before been solved in the work [13] .). Unfortunately, the pseudoinverse model-based controller having fixed parameters may not be suitable if the parameter uncertainty is great enough.
An adaptation concept plays a role of some universal tool to deal with the control of uncertain systems [8, [14] [15] [16] [17] [18] [19] [20] , et al. This concept has been employed in the papers [21] [22] [23] in which adaptive controllers for controlling fix linear and nonlinear multivariable static plants have been designed and studied, assuming that their gain matrices are nonsingular square matrices. The latest results with respect to robust adaptive control of the linear and some nonlinear static plants having one output and several control inputs can be found in [8, chap. 3] .
In [24] , the adaptive pseudoinverse model-based control has been proposed to stabilize a nonsquare MIMO plant having the gain matrix of full rank in the absence of disturbances. Recently, the problem of the stabilization of singleinput multi-outputs (SIMO) static systems with bounded disturbances has been solved in [25] . In [26, 27] the adaptive control systems containing the interconnected plants with both square and nonsquare matrices of the nonfull ranks in the presence of bounded disturbances have been designed and argued.
Difficulties that take place when adaptive control use the point estimation algorithms are how to guarantee the stability (the boundedness) of the closedloop system [28] . See also [14, 15] . To overcome these difficulties in the case of the singular square system, the so-called fictitious plant to be controlled adaptively has been introduced in the closed-loop circuit [26] . The idea of the simultaneous adaptive control of the true and of fictitious plants advanced in this work turned out fruitful to deal with adaptive stabilization of any MIMO static plants irrespective of the ranks of their gain matrices [27] .
The purpose of the paper is to generalize results obtained in [26, 27] and to show that within the framework of the adaptive approach, it is possible to stabilize the arbitrary MIMO static uncertain plant without knowledge concerning both the elements and also rank of its gain matrix. B represents some time-invariant r m × gain matrix given by
STATEMENT OF THE PROBLEM
(
Consider the class of MIMO plants, where the number r of the control inputs is not less than two, but does not exceed the number m of the outputs, i.e., . 2 m r ≤ ≤
The following assumptions with respect to the gain matrix B and the se-
are made. A1. The elements of the matrix B in (2) are all unknown. However, there are some interval estimates
with the known upper and lower bounds
and ,
respectively. This implies that B may be singular, in principle.
A2. The rank of B remaining unknown, in general, may be arbitrary number which satisfies }). ,
are all the arbitrary scalar sequences bounded in modulus according to (5) where s i ε are constant. For simplicity of exposition, it is assumed that they are known.
Denote by
Without loss of generality, suppose
of the current errors
Then the control objective is to design an adaptive controller stabilizing the unknown plant (1). More exactly within the framework of assumptions A1) -A3), it is required to guarantee the ultimate boundedness of the sequences } { n e and } { n u in the form
.
THE CASE OF SQUARE NONSINGULAR GAIN MATRICES
Suppose that B is a square nonsingular r r × matrix meaning m r = and
In this case, the control law may be chosen as in [ 
where n e is given by (6) , and 1 − n B denotes the matrix obtained via the inversion of the current estimate matrix n В for unknown B. According to [17, sect. 4.2] , the rows of n В defining the vectors
are updated by exploiting the recursive adaptation algorithm
In this expression, ) (i n e represents the ith component of n e given by (6) . 2 || || x denotes the Euclidean norm of some s-dimensional vector
The coefficients s
are chosen as
The asymptotical behavior of the adaptive control algorithm (10), (11) together with (12) to (14) is given in the theorem below. Theorem 1. Consider the closed-loop stabilization system containing the plant (1) and the feedback adaptive controller described in the expressions (10)- (14) . If the conditions (5) and (9) are satisfied then the control objectives (7) and (8) 
where r I denotes the identity r r × matrix and 0 δ is a fixed quantity [26] .
Although B as well as B remain unknown, the requirement
can always be satisfied by the suitable choice of . 0 δ in (16) . In fact, each ith
of B lies in one of the r closed regions of the complex zplane consisting of all the Gerŝgorin discs [29, p. 146] :
Since, at least, one of the eigenvalues
is equal to zero (due to the singularity of ), B by virtue of (17) there are the numbers
such that if 
consider the following two cases: a) |;
can be combined with any two cases.) In order to go to the gain matrix B of the fictitious plant having the form (16) in the case a), it is sufficient to shift the Gerŝgorin disc (18) right taking
as shown in Fig. 1, right. In the case b), the discs (9) need to be shifted left according to
See Fig. 2 , right. In both cases, the nonsingularity of B is guaranteed. Nevertheless, the conditions (22) and (23) cannot be satisfied, as yet. In fact, the numbers β and β given by the expressions (21) 
It can be clarified that if (25) together with (24) and (26) will be satisfied then the condition (17) will without fail be ensured.
After determining the quantity 0 δ we can proceed to the consideration of the fictitious plant. Since the input variables 
It is seen from (28) that n ỹ can always be found indirectly having n u and n y to be measured. Now, our problem reduces to the known problem of adaptive control applicable to the fictitious plant (27) with the unknown gain matrix B in the presence of arbitrary bounded disturbances . , ,
Its solving follows the steps of the section above. Namely, the adaptive control law is designed in the form 
with n ỹ given by the expression (28) .
The adaptive identification algorithm used to determine the estimates n B may be taken as 
which is similar to (11) . In this algorithm, 0 i ε and i ε are given by (12 
are chosen as in (13) to
The feedback adaptive robust control system described in the equations (1), (29) , (31) is designed as depicted in Fig. 3 . In this figure, the notation 
whose elements satisfy the conditions .
Subject to assumptions A1 -A3, the adaptive controller described in the equations (29), (31) together with (28), (30) when applied to the plant (1) yields (7), (8) .
Proof. See [26] . and selecting one of them in accordance with certain choice rule [27] given below.
Following to [27] , the adaptive control law to be applicable to any fictitious plant is designed in the form at the same time instant satisfying . ,
As the adaptation algorithms, the standard recursive procedures for the adaptive identification of each kth fictitious plant (similarly to that in (13)) to ensure the requirement (41). Next, add the adaptation algorithms described in the formulas (42) together with (43) by an algorithm for estimating unknown B defined as follows: ( i ε and 0 i ε are given by (12) Namely, we set , 1
The desired output vector was given as . 
CONCLUSION
It has been established that the adaptive control laws can guarantee the boundedness of all the signals generated by the feedback control systems. However, this important feature will achieve via an "overparameterization" of these systems. Nevertheless, the simulation experiments demonstrate their efficiency.
